Ch.1 Distributions of Functions of Random Variables

Let X4, Xy, ..., X, be n random variables r. v.s that have the joint probability
density function (j. p. d. f. ) f(x1, x2, ..., x,) . These r. v.s may or may not be
stochastically independent. Let Y = U(Xy, Xy, ..., X;,). Once the p.d.f.
f(x1, x2, ..., x,,) IS given , we can find the p.d.f. of Y.

Definition 1: A function of one or more r.v.s that does not depend upon any
parameter is called a statistic .

Example: If the r.v.s X;,i = 1,2, ..., n are mutually stochastically independent
and each X; has the same p. d.f.

fx) = {Px(l —p)l*,x=010<p<1
0

, e.w

and if Y = X;is a statistic.

Example: If the r.v. X~N(, 02), and if ¥ = "_is not statistic unless x and
o

o2 are known numbers.

Note: Although a statistic does not depend upon any unknown parameter, but the
distribution of a statistic may very well depend upon the unknown parameters.

Definition 2: Let X;, X, ..., X, be n mutually stochastically independent r. v.’s

each of which has the same p. d. f. f(x) , that is the p. d. f S of X1, Xp, o, Xy are
f(x1), f(x32), ..., f(xy,) respectively , so that the joint p.d.f.

fCe1, x2, s x0) = fQe)f(x2) - flxn) = [Tz ).

The r. v.s X4, Xy, ..., X,, are then said to constitute a random sample of size n from
a distribution that has p. d.f. f(x).



Note: random sample E independent identically distribution
1. e.

r.s. = iid .

Definition 3: Let Xy, Xy, ..., X, ¢ f(x). The statistic

n
Xi+4+X, 1

1=

Is called the mean of the random sample . And the statistic

1 _ 2
2= —3yL (Xi—X),

n—1

is called the variance of the random sample.

Note : Let Xy, Xy, ..., Xp~f(x). Let Y = U(Xy, X5, ..., X,,), distribution function of
Y: G(Y) = PT(Y < y) = PT,U(Xl, Xz, ""Xn) < y-

Discrete Probability Distribution and its Related

Introduction

For given random variables, say Xj, Xy, ..., X, denoted (n) r.v.s having the joint
p-d.f. f(xq, x, ..., x,) and that

Yl = Ul(Xli ...,Xn), Yz = Uz(Xl, ...,Xn),..., Yk == Uk(Xlr ...,Xn),

we want in general to find the joint distribution of Y4, Y, ..., Y, , where k < n as
well as the marginal distribution of any combination of Yy, Y2, ..., Y, . There are
three techniques are called:

(1) The cumulative distribution function techniques .

(2) The moment generating function techniques.



(3) The transformation techniques.

(1) The cumulative distribution function techniques

Let the joint probability density function of r. vs X1, X», ..., X,, IS given as
f(x1, x2, ..., x) , thenthej. p.d.f.of r.v.s Y, Y,, ..., Y can be determined,
where

Yi=Uj(Xy, ... Xn),j = L2,..., k, k < n by using c.d.f. technique , then

Fyy, oY) =PY1<y1,Yo< yo, ., Yie S i)
:PT:Ul(Xlr ,Xn) < MATRLY Uk(Xl' ,Xn) < yk)
If Y is univariate random variable , then

F(y) =P.(Y <y)=P,UXy, ..., Xp) < y-, then , the p.d.f.of Y is

_ 6F(y)
f) = —

and the j.p.d.f. of Y Y ,...,Y isf(y ,y , ...,y  _—6F(v1...yi)

Example: Let X be r.v. having p.m.f. f(x) = 5 X = 1,2,3 | zero , otherwise.
Find the distribution of Y = X2 by using c. d. f. technique .

Sol.
FO)=P.(Y<y)=P.(X2<y) =P, (—Vy <X <Vy) =P,(X<y)

=E§_ x:%EZ;lx,

x=1¢

Recall that , by using the summation of natural number law for Zﬁlx ; then
1=

LG _ I/
F(y) =6_3L(_23L):_1(_132L).

A="*xx€Rx=123+B=*y:y€eR,y=149+.



SF) = °

(2) The Moment Generating Function
The another method for determining the distribution of function of r. v.’s which we

shall find to be particularly useful in certain instances.

For given r. v.s Xy, Xo, ..., X» With given density f(xi, .., x,) and given
functions gi(X1, .., Xu), 92X, . , Xn), ., gk(X1, ... , Xn) . TO find the joint
distribution of Y; = g1(Xy, ..., X, ., Y = gx(Xq, ..., X)) . Now the joint

moment generating function of Yy, ..., Y if it exists is:

— t1F{+toFy+--+t,F
MFl,...,Fk(tlt "'th) - E'e 1rmra2 ke -

— Z . Z et1F1+t2F2+~.~+thkj:(x1’ . ,xn)
Ky KK,

- Z?H(l Z*Kn et1g1(x1,..,xn)+---+tkgk(x1,...,xk) f(xl, ey Xn).

Theorem: If Xy, Xy, ..., X, are independent r. vs and the m. g. f.of each exists for
all —=h <t < h,for some h > 0,letY =}, X;, then Mp(t) =[], My, (t).



Proof
Mp(t) = E(etF) = E(etzi=1%) = E,etKitKet+Kn)_
= E,etKittKot+tKn_ — [ otK1i otKz = otKn_
but X4, Xy, ..., X, are independent , then
Mg(t) = E,et®-E,etk2- | E,etfn- = []7_; M (¢).
Example: Let X4, Xz, ..., X,, are independent Bernoulli r. vs, find the distribution
of Y =31,X.
Sol.
Mg(t) = E(e'f) = E(etz=1K)
~ Xi~Ber(p),i =1,2,...,n
— My (t) = (q + pet)

~ Mp(t) = (q + pe)(q + pet) ... (q + pet) = (q + pe)"

=~ Y~b(n,p)



Lecture |

1
1
| et

Note: we can say, if X4, X5, ..., X,, be independent r. v.'s and we wish to know the

distributionof ¥ =X, X; :
a. Xi~b(m,p),i=12,..,n->Y =Y, X ~b(nm,p).
b. Xi~Po(A),i=12,..,n->Y =Y X;~Po(nk).

c. Xy~geom.(p),i=12,..,n->Y =Y .X,~Nb(n,q), wherer = n.

(3) The transformation technique (change of variable technique)

(a) One- dimensional space

A r. v. X may be transformed by some functions g(x) to define a new r. v. Y. The
density of Y, will be determined by the transformation g(x) togather with the
density f(x) of X . Sometimes this method called the change of variable

technique. The transformation of variables of discrete type is:

If X is a discrete r.v. with mass points xi, xz, ..., x,, , then the distribution of
Y = g(X) is determined directly by the laws of probability. Let f(x) be the
p. m. f. , the sample space of X is A which f(x) > 0, let g(y) be one - to — one
transformation , that maps 4 onto B , the p.m.f. of Y = g(X) is given

):{fﬂ(/;/(y)-,yEB,

90y , 0. W.

where X = w(Y) is the inverse of Y = g(X) .

Example: Let X have a Poisson p. d. f. , find the distribution of Y = 4X using
transformation technique.



Sol.

e—Mx B
.f(x; }\‘) = { x! y X = 0;1;2, s ,
0, 0. w.

A="x:x€Rx=012..,0+f(x) >0

B=*:y€eRy=048,..,0+,9g(y) >0
y

I =k =y)=h.X=7/
e MT
- gy) = {ﬂ7— , ¥y =048, ..
o .

0o , 0.W.

Example: Suppose that X be binomial distribution withn =3,p = 2_, where
3

x = 0,1,2,3 find the distribution of Y = X2 by using one — to — one transformation.

Sol.

3 2% ;13- _
fCanp) = [y LR T 0L

X 3 3

0, o.w.

A="*x:x € R,x =0,1,2,3+,f(x) > 0, (sample space of X)
B=*p:y€eRy=0149+9(y) > 0, (sample space of Y)

g =P,(Y =y)=P,(X2=y) =P,(X=+Vy) =P,(X=y)



Ny

3y 29 1p
(). 1AV Y =0,1,4,9
g ={y 3 -

0 , 0.W.

Example : Let f(—1) = -, f(0) = _ , and f(1) = . Find the p. m.f. of
3 2 6

Y = X2 by using transformation method.

Sol.

.‘.y=x2—>xi\/;

A="*x:x€Rx=-101+f(x) > 0,
B=*y:y€Ry=01+9(y) >0,

1
gy =0)=f(x=0) =

1 _
+g =

w |-

gy=1D=px=-1D+px=1) =

)

[l \CY SN

0
1

y:
o ()= =
9=ty

0, o



(b) Two — dimensional space

Let f(xq, x,) be the j. p. d. f. of two discrete type r. v.s X; and X, with sample
space A which f(x1, x2) > 0. Let define the one — to — one transformation that
map A onto B, the j.p.d.f. of Y{ = U(Xy,X3) and Y, = U,(X4, Xy) is given by

gly ,y )= {f:W1(Y1, v2), Wwo(y1, ¥2)-, (1, ¥2) € B
1 2 ’
0 , 0. w.

where x; = wq(y1,¥2) and x, = wy(yy,y2) are the single valued inverse of
Yi=U1(Xy, Xp) and Y, = Uy(Xy, X3) . From this j. p. m. f. we may obtain the
marginal of Y1 and Y> we note that one — to — one transformation means that each
point in sample space A of r. v. X correspond one to one point in sample space B

of r.v.Y and conversely.

Example: Let X; and Xz be two stochastically independent r. vs that have

Poisson distribution with means p; and u, respectively . If Y = X; + X, find the
p.d.f.of Y.

Sol.

F(x1, x2, 1, p2) = f(x1, w)f(x2, u2)
_ X1 — X2 —Uu1— X1 ,,X2
=e #1#1 e #2#2 =e H1 .’-12#1#2

xl! .X'z! Xl! .XZ!

vi=x1+x,let y,=x, 2o x1=y;—yand x; =y,
WA =*(x,x2):x1 =0,1,2,...,00,x, = 0,1,2, ..., 00+, f(x1,x2) > 0

B = *(YI;)’Z):ylz 0;1;---;00;}’2 = 011; ---;O°+;g(Y1;YZ) > 0



] e H1—H2 #{1_3}2 M%IZ

~ gy, y2) = (y1 —y2)!y2!

, y1=012,..,

_')72 = 0;1;2; "';yl
0 , 0.W.

- =

—u1—u2 ,Y1=¥2,Y2
no© 1 )

91 =2y, gV1,Y2) =20

(y1—y2)'y2!

we multiple and divide the term inside the summation by y.!, then

y1
e_.ul_IJ-Z yl! _
gy = > w7
il oyl -yt
y2=0
- dy ) = ewHi—r2 Ly, V1 1222,
1 1! y2=0 'Yz/ 2 1
n
Recall that: (a + b)» = )" a bn-i , then
j=0 -j/
e~ (i) (yy + py)¥1
9g(y1) = il = Y1~Po(uy + pi2)
e~ (W1+H2) (g +uy)¥1
) =0,1,2,..
g ={ & -

0 , 0.W.
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Continuous Probability Distribution and its Related

(1) The cumulative distribution function technique

By using the same way of discrete . v.s can be using c. d. f.
technique.

Example:

Let Xy and Xz be a random sample of size 2 from the exponential
distribution with A = 1. Find the probability distribution of

Y =X +X5.
Sol.
Since X1~Ex (L) or X;~Exp(1) and X,~Exp(1)
—xy
() ° x1>0,and () e, x>0
~Fx ={0 . 0. Fx2 Tt ow

Since X; and X, are independent
- .f(xll xZ) == f(xl)f(XZ) = X1 p—x2

_ {e—xl_xz, x1>0,x,>0
() , o.w.



D =PY <y =PKi+Xe<y) = [[, fCr1, x2)dxzdxy,

where A = {(x1,x2):x1>0,x2> 0,x1 + x2 < y}

- A={(x,x%2):0<x1< ,0<x2<y— x1}

yy—x1 y y—x1
> =[] e ™dxydxy = [ex [ [ e*2dxy]dx
0 0 0 0
y y
= —Je[er—1]x; = [[e™ — e]dx
0 0

B={:y€eRy>0},fy) =F(@) = 66%= yey

y>0

_JYe
=« fl) =1 0, o.w.

~Y~Gamm(2,1).



(2) Moment generating function technique

Also as in discrete type can be use the m. g.f. and by same way .

Example:

Assume that X4, Xy, ..., X, be independent exponential distribution.
Find the p.d.f.of Y = X1, X;

Sol.

Mp(t) = E(etF) = E(et(K1+K2+"'+Kn)) = G MKi(t)
i=1

o XiNEX(ﬁ), *i= 1,2, vy, N

1
Mg (t) = 1—pt
M) = 6 (D = (=3

i=1

s Y~Gamma(n, Q)

) = {-%nyn—le‘% , y>0
0 )

o0.w,



Theorem: Let Xq,Xy, ..., X, be independent random variables such
that Xi"-’N(‘Ui, 0'2), wi=12 ..,n Let Y = Zn kiXi , ki € R,
1 1=

i=1,2,..,n. Then Y~(,UF, 0'2),F where UF = Zn ki,ui,
=

0'2 —_ Zn kZO'Z .
F i=1 i i

Proof:
MF (t) — (etF) — E(etﬁ i=1 kiKi) — (etk1K1+tk2K2+...+tann)

. X1, Xg, ..., Xpare independent

MF(t) = E(etk1K1)E(etk2K2) ...E(etk”K")

Since X;are independent i = 1,2, ...,n and Xi~N(u;, 02)

12
— Mg, (t) = eritt2%i ¥i=1,2,..,n.

1222 1222

" kiui)+%zn k?g%)?
=e =1 2 “i=1 i i

— Y~(ug, 02) or Y~N(O" kiw,Y" k20?)
F i=1 i=1 i i



Theorem: Let Xy, X5, ..., X,, be independent 7. v." s such that
Xi"-‘xz(?‘i), ¥i=12,..,n. Then Y = ni=1 Xi"'xz(z:?:l 7"1).

Proof:

MF(t) = (etF) = E(et Zn i=1 Ki) — (etK1+tK2+...+tKn)
~ Mp(t) = E(et1)E(etk2) ... E(etkn),

Since X ~¢2(r ), *i =1,2,...,n,> M (t) = (1) i,%’:fi =12, ..,n
i i 1-2t

ri ra2
2 2

1
0 S (1—2) =G5

1 I

1 i=12
)

- Mgp(t) = (

SV =3 X~ .

Theorem: Let Xy, Xy, ..., X, ~iid N(u, 62). Then

n

X—U 2
V=500 2w

i=1



Proof:

Since X ~(u, 02), letW = (Ki_ﬂ)z""x A1)
1 1 o

— L = 3yn Ki— 2 — .
Y z:i=1Wi Zizl( JM) ~x2(2?=11 n)

(3) Transformation of variables of the continuous type

(a) One — dimensional space

Let X be a random variable of the continuous type having p. d. f.
f(x). Let A be the one — dimensional space where f(x) > 0. Consider
the random variable Y = U(X), where y = (x) define a one —to — one
transformation which maps the set A onto the set B. Let the inverse of

y = (x) be denoted by x = w(y), and let the derivative

Z_xz w'(y) be continuous and not vanish for all points in B. Then the
y

p. d. f. of the random variable Y = U(X) is given by

_ JiwOIwWw )|,y € B
g =1, Cow.’



where |w'(y)|represent the absolute value of w'(y). We shall refer to

Z_x = w'(y) as the Jacobian of the transformation and denoted by /. So
y

)= Oy e

& , 0. W.

Example:

Let X be a r. v. of the continuous type, having p. d.f.

2,0<x<1
J:gc)z{O, o.wW. '

Define the r.v. Y = 8X3. Find p.d.f. of Y.

Sol.

Since y = 8x3 - x = i3\/y‘—> d_= S =]

2 dy 63/y2 63/y2

1, 1
) = FiwI = £ C 3y |
2 eny?

1
—2_yy_L _ 1
2 63Vy2 63y




0<y<8
g) = {6% Y

0. W.

(b) Two — dimensional space

Let X1 and X2 be random variables of continuous type, having joint
p. d. f. f(x1, x2. Let A be the two — dimensional set in the xix, —
plane where f(x1, x2) > 0. Let Y1 = U1(X1, X2) be a random variable
whose p.d.f. to be found. If y;=wu1(xy,x2) and
y2 = uy(x1, x2)define a one — to — one transformation of A onto B in
y1y2 — plane, we can find the joint p.d.f. of Y1 = U1(Xy,X2) and
Y2 = Uz(Xy, X2). SO

(1 ,y2) = {({[Wl(h, y2), Wa(¥1, }’2)]|]’| ) 0();1} y2) €EB |

6y2
Where,]=|6_xZ 6y

6y1 6y2

6x] 6x1



Example:

Let X: and Xz be a random sample of size 2 from the distribution

having p. d.f.

e, 0<x <o

foo =1,

) e.w.

LetY; =X; +X; and Y =1<_Iil? , we shall show that Y1 and Y, are
1 2

stochastically independent.

Sol.
Since the joint p. d. f. of X; and X; is

—(x1tx2) 0
f(x1:x2)=f(x1)f(xz)={eo ,0 <x1 < oo, <x20<Woo

y1=Xx1+ X2 X1 = Y1Y2
L U
2 X1 + X3 X2 =Y1—YV1y2
0x1 Ox
L1 —0y1 0y Yoo oy1, _
T3y, ol =l—y, Syl T TYV2mYI VY2 =

Iy 9y,



~AJ = 1=y1l = y1

vdy oy ) Siwi(yy y2), wa(ys, vy (v1, y2) € B

1 2 =
0 , 0.W.

{yle—y1,0<y1< 0, 0<y; <1

0, 0.W.

1

> (y1) = [ gy, y2)dyz = [ yie7idy, = yrei[y2]!
Y2 0

_ e o<y <o
0 , 0.W.

(0]

> (y2) = [ gy y2)dyr = 2)=(2-1)
0

1,0<y:<1
0, o.w.’

Since (y1, y2) = g(yv1)g(y2)= y1 and y, are independent.

10



The t — distribution

Let W denote a random variable which is N(0,1); Let V denote a random
variable which is 12(r); Let W and V be stochastically independent i.e.

1 1,
W~N(0,1)=f(w) = e2%
Ny
1

,—00 < W < 00

r v indep.
V"‘Hz(r)jf(\/) = Trvz_le_z ,O <v<Ooo

I (2_) 22 J

Define a new random variables T and U by writing T =X U = V. The change

of variable technique will be used to find the p.d.f. gi(t) of T. The equations

T =% u = v define a one — to — one transformation which maps
\/X

A={(w,v):—o <w<o,0<vVv <o}

onto

B={(tu):—ow<t<ow,0<uc< o}
NOWW=t\/£,V=u
r

6w 6w
e I

6v  6v T roVr

\/
6t  6u 0 1 ' ' '

—g(tu) = F(ty2 )|



1 t2u 1 L—l _u \/Ll
=g(tu)=—e 2 ——uz e 2F
T r(i)zz r

1 r u tz\/'l—1

= 2_1 _2(1+ T) -

V2n T (ZE) 22L e Vr

2

_ 1 ru% e_§(1+;)

V2mur T (22) 22

1 r+1 _g(1+t2)
- r_U12_1e2 T _co<t<oo,0<u<oo
_ W2mr I'(5)22
= 2
10 , 0. W.
The marginal p.d.f. of T is then
(o] (o] 1 r+1 u t2
gi(t) = fg(tu)du= f —TUu 2 -1.7200 1) 44
) -0 \/21T rI’ (Zj 22
u(1+£) f
In this integral let z = . ~dz = (1;r) du = du =1_2t_Z ,u = 122_Zt_
r+1
oo 1 2 -1 5
81(t) =f C 2z ) e” ( ) dz
r - t4 t2
o V2mr Ir(,) 22 1+— 1+—



© r+1 r+1
=fF 1 22 172 1 2
— r T M_le (_tz
V2mr ()22 . t. 2 1+
’ 227+
Ooﬂ
— 1 F 1 wr fz , "e?dz
Vrr T 2
(2)(1+t) 0
r+1
I
( 23 1 lTl’—OO<t<OO

, 0. W.
W
T=__ ~t(1)
V¥
r

I.e. T has t —distribution with r degrees of freedom (d.f.)

W~N(O, 1)
T=—0== ~t(r)
NaLt

r =d.f.



Note:

The c.d.f. G(t) =P(T <t) = f_too g1(w)dw has been tabulated.

The F — distribution

Consider two stochastically independent chi-square random variables U and V
having r1 and r2 degrees of freedom, respectively, i.e.

5 1 r u
U~1“ (r1)8 f(u) = ﬁuz‘le_2,0<u<ool
r(32z I
) 1 rz 4 _V¥ I indep.
V~I  (r2)d f(v) = ﬂvz e 2’O<V<OOI
F('22)22_ J

The joint p.d.f. of U and V is then

1 9.4 1y luw)
1_;1411 Tv2 e 2 ,0<u<O0,0<V<OO

T T
f(u,v) = F(21)['(_22)2 2

1o ,  0.W.
Define the new random variables F and Z by writing

F="M 7=V
V/r;

and we want to find the p.d.f. g (f) of F. The equations f = v/l , z = v

v/ry
define a one —to —one transformation that maps

A={(u,v):0<u<o,0<vVv< oo}



onto the set

B={(fz):0<f<00,0<z< oo}

Now
6u 6u T, rif
u=rzf v=z=] =8 6z =|r; rz |=rlz=|]| =1z =rlz
ry 6v  6v 2 r2 r2
6f 6z 0 1 '

~g(fz) =f(1zf,z) |]]

r 1l D
1 2 -1 1
= L_r1ﬂ1(mzﬂ 72 e 2r2 1_zz,0<f<oo,0<z<oo

The marginal p.d.f. of F is then

gi1(f) = fg(f,z)dz

vz
£21_ rq 1
o 5= Zr
o @t we
- c h VA e 2 rp dZ

r r LTl Jj

0o T(HT(H2 2

Inthisintegral lety =z2(*"1f+1) =z =% ,dy=1! (*1f+ 1)dz

2 12 —f+1 2 12
r2
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